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Previously, in lecture 1

If it is a superconductor, then...
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Figure 4.5 Specific heat jump in superconducting Al
compared with the normal-state specific heat (Phillips,
1959; see Crow and Ong, 1990, p. 225).




Previously, in lecture 1
Type-I and Type-Il superconductors
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Previously, in lecture 1

HZ
1) GS_GN=_é lf H<H

(o

2) Ss<Sy = higher order in the superconducting state

nt

H h(z)= He '

3) From the 15t London equation

m*c 2

with A, =
4r nge
penetration depth 0

insulator superconductor
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Landau theory of the order-disorder transition

The order parameter is a quantity which is zero in one phase

(usually above the critical point) and non-zero in the other

Example: para- / ferro- magnetic transition

M(T) 1
order parameter m(T)=—— where M=-— :
p M=o VZ,U,

T>T

Curie

=>m=0

T<T

Curie

=>m Z0



Landau theory of the order-disorder transition

The Landau expansion for the free energy density close to T,

urie

- - 1
F(r,T)=F,(rF,T)+a m’ +§’B m*

At the equilibrium OF =0

om

20 m+2 m*=0

m(a+ﬂ m2)=0

Two solutions: m=0 and m? =—



Landau theory of the order-disorder transition

Two solutions: m=0 and m? =—

a and S are function of the temperature

1
a(T)=ay + oy (T—Tgy0 )+ % (T—T,.) +..

urie

BTV =By + BolT ~Toue )+ ol =Ty .

From the minimization conditions
a=0, (T ~Teurie )

B=p5o



Landau theory of the order-disorder transition

Temperature dependence of the order parameter close to T,
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1950: Ginzburg-Landau Theory of Superconductivity

F, = F,, + Condensation energy + Kinetic energy + Field energy



Ginzburg-Landau Theory of Superconductivity
The superfluid density n.is the order parameter
In the London model n_does not depend on the position

In the G-L theory  n.(r) =|y/(F)|2 where V/(F)=|v/(?)|e’¢

Free energy expansion in the zero-field case

2 B a4 n’
F(F,T)=Fy(F,T)+a |y + | +2m*

rigidity of the order parameter
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Ginzburg-Landau Theory of Superconductivity

Free energy expansion in the zero-field case

- - 2 B a4 K
Fs(F,T)=Fy(F,T)+a |y| o " +2m*

. ‘2

Vy

Free energy expansion for B # 0

q
C

In electrodynamics p—>p+—-A where B=VxA

*

— — e N
For the momentum operator —ihV — —ihV——a

N N 1
F(F,T)=Fy(F,T)+a |;1/|2 +§ |l//|4 + -




Ginzburg-Landau Theory of Superconductivity

F, = F,, + Condensation energy + Kinetic energy + Field energy

. . 1
F(FT)=Fy (F. 1)+ a +§ w|* + -~




Ginzburg-Landau Theory of Superconductivity

! (—ihﬁ - eEJyf
c

Zm*

Energy density Fs(F,T)=F,(F,T)+a |y| +§ w|* +

Energy F(T)= de Fs(r,T)
4

FS(T)=de Fu(F,T)+a \w\2+£ | + 1*
? 2 2m

Minimization procedure = variations of v, yv*, and a
o F =F$(y/+6'n//, y/* +6'n//*, a+5a)—F5(y/,y/*,a)
sk=[dr[( )ow+( )ew'+( )sd]
Vv

&_0 oF; =0 &_
Sy Sy oa

And set 0



Next we carry out the minimization procedure for the free energy by making
variations in ¥ and ¥, ie. by letting  — o + 8¢, and ¢* — * + Syt
The equilibrium condition § F;(T) = 0 will then give us the Ginzburg—Landau

equations, two equations of paramount importance in superconductivity. We can
immediately write

SFs(r, T) = a(y + 8y) (U* +5¢™) —ayy™
B v avrwt oyt w2
+ ﬁ [G +8v)G* (" +8*) — GUG* Y] (4.96)
with G as defined above. Next we simplify:
SF(r,T) = a(Y8y* +y*8y) + BV |2 0y + ¥* [¥] 8v)
+ %(Gwc*a U* 4GS G*i*) (4.97)
The last parenthesis is
GYG*sy™* + GaY G y* = (—ihV — 2e A)r (i RV — 2eA) §yr*
+ (—ihV — 2eA) SUr(ihV — 2e A)r™ (4.98)

Summing up:
8F(T) = f d*r [(m.araw + BV |y Sy
v
1
+ j—(—:‘hV —2e AN (ihV —2eA) Syr* + c.c.)] (4.99)
£m
After a partial integration we obtain, using VA =0

SFAT) =f d3r{[{aw+ﬁ|w|1¢r+2L{—fhv —2eA)3w)]aw*+c.c.]
v i

(4.100)
Requiring 4 F5(T") = 0 demands that the functions in front of §¢-* and §1 are
zero, which means that we have

1
GLL |ay +,s|¢|1¢+2—{—fhv—ze,4)3¢=o (4.101)
m

This is the first of the two Ginzburg—Landau equations, hereafter referred to as
GL-1. Next, as a preparation for the derivation of the second Ginzburg—Landau
equation, GL-II, we introduce Maxwell's equation V x H = J which we use
in the form V x B = pJ. We write it out as

pd =VXB=Vx(VxA)=V(VxA)-—VA=-V4 (4102

in the London gauge where V x A = 0. When we later encounter the term
—%OVEA we will recognize this as the supercurrent J.

Fosshein & Sudbg, Superconductivity: Physics and Applications, pp. 117-120

The procedure by which GL-II is obtained is to vary A in the free energy
Fs(r,t).1.e.welet A — A + §A and find the corresponding variation in Fy(r, 1).
For this minimization of the free energy density Fs(T') with respect to the vector
potential A we need only retain the A-dependent parts of Fy(r, t). We write this
as Fg(r,t, A). Next we take the variation

SFyr t, A) = Fu(r,t, A+ 84) — Fs(r,1, A) (4.103)

In writing out the expression here we temporarily introduce the symbol p for
—ihV to simplify the mathematics. The proper operator is immediately reintro-
duced in the next step. We find

1
dF(r.1, A) = m [(p—2e(A +8ANY] [(p" —2e(A +5A))Y"]

1
— —[(p —2e )% ] [(p* — 2eA)y7]

2m

! 2 2
+ﬂ[(wm+m)) ~ v x A7

-_° [mvp*w iVt + de |y A] A
m
+ i(v x AV x A) (4.104)
Ho

Now §Fs(r,t, A) is to be integrated over the superconductor volume. We do
the last term first:

1 1
— | Pr(VxsAN(VxA)=—— jd3rV2A x 8A (4.105)
o Ho

Therefore, the entire § F(T) becomes

SFAT) = fd-‘r [%u&w* v+ 2 A #ivﬂ] 5A=0
0

m
(4.106)

This requires the square bracketed term to be zero. Using the result from
Eq. 4.102 the equation for the supercurrent is obtained:

1 2 e . * - * 2
J=——via="5 [(;hw VY — iy V) + de || A] (4.107)
1o m

or

GLAL | J = S [U*(—ihV —2eA) +c.c] (4.108)
m

This is the second Ginzburg—Landau equation.



The two Ginzburg-Landau equations

&_0 5F5 _
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1st G-L equation
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Zero-field case deep inside superconductor

. . . 1
The energy density F.(r,T)=F,(r,T)+« \y/\z +§ \w\" + —
m

becomes F,=F,+«a \V/\z +§ W

. \2
1 - e _
And the 1%t G-L equation o v+ \y/\z W+ — (—ihV—ca] w=0
m

becomes a v+ f |l//|2 =0

a
Two solutions: w=0 and Mz __“

B



Zero-field case deep inside superconductor

On the sign of aand

a<0andB<0 a>0andB <0
' ; /\/\ A 4

Fs " Fs
o =>0andfB >0 a<0andf >0
" Fs . Fs




Zero-field case deep inside superconductor

The solution for the superconducting state

a

yf=-5 and Fi-Fi=a |V/|2+§ | ==

Choosing o =a, (T —T. ) and S =p,

| |

- %] -7y

1 o2

2 p

1
|~ (T- 1)
W|=0
-

Y

T, T



Zero-field case deep inside superconductor

Relation between a, f and H,

2 pB 1a
Fs—Fy =« + - =———
s — Iy |V/| 5 |V/| 2 3
H?2
and FS_FN=__C
87
2 2
Thus i He




Zero-field case near superconductor boundary

. \2
1 = ~
The 1% G-L equation o v+ || v+ — (—ihv _eaJ w=0
m C

2 1 o\ 2
becomes a y+p |y y+ *(—:hV) w=0
2m

. % , a
We define f=—-— where W =——
Voo B
n® d?
In one dimension g { +f-f=0
2m a‘ dx

with the boundary condition f(x=0)=0

2
§zsz+f(1—f2)=o with & =—




Zero-field case near superconductor boundary

zd f _ h? 1
¢ —+f(1 f2)=0 with &*(T)= *\a(T)\ocl—T/Tc

v

The solutionis f= tanh——— Voo
J2¢&
insulator superconductor
V= tanh—
J2¢
>
0 X
. h
The coherence length is & = -
2m a‘




H#0 case near superconductor boundary

* *2
. ~ eh _ — e 2 _
The 2" G-L equation J=— (y/*Vy/—y/Vx//*)— = y/\ a
2m i m
, - et a.
If 5 is small J=—— V/‘ a see C.P. Poole, Superconductivity (2007), pp. 150-154
m¢c
- = e 2= - e 2 -
VxJ=—— y/‘ Vxa =——; y/‘ h




H#0 case near superconductor boundary

*

2

m¢

h—A*V*h=0 with ,1:\/
4rly|

The London penetration depth is 2, =

2 ¥
e

*
mCZ

4rnge
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insulator

h(x) = He_%

superconductor




Flux exclusion and retention

Normal
High
Temp.
State
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Flux exclusion & retention : the resistenceless circuit

The total magnetic flux threading a closed resistanceless circuit cannot change
so long as the circuit remains resistanceless.

®= AB,
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1. The circuit is cooled below T_in an applied field B,. The magnetic flux in the
circuit is®=AB,

2. The value of B, is changed

—A dB, =M + l_ﬂ = LI(t)+ AB,(t) = constant
dt dt




Flux quantization

The 2" G-L equation J=— (y/*ﬁy/—yﬁy/*)_ ©
2m i m ¢




Flux quantization

m6d7+ m_f Jal _ne mw.di

*2 2
T €T ‘V" €T
madi =j(§xa) nds =IB nds = @ (h) m§¢-d7=27m
r S S r

wis a single-value function




Calculation of the domain-wall energy

HZ
magnetic energy is gained  E; =—] A8_C
T

2

At a domain wall <
H

condensation energy is lost E, = .§A8—C

T

ﬂ<<§ §<<Z
A F<—A—>
H, 3 Y H.
h v ] h
< : - L?
H? H?
AE=A—(&-1)>0 AE=A—-(£-1)<0

Vo



Calculation of the domain-wall energy

> A DN
Hc Wﬁﬂ H(. l//oo
h v Y h
= g > |<g|
K <1 K>1
: A
Ginzburg-Landau parameter k = E
1 1
kK<— = AE>0 K>— = AE<O
J2 J2

Type-Il superconductor Type-Il superconductor
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